Abstract. -Chaotic current fuctuations have been observed in the negative differential conductivity region of n-GaAs at 4.2 K under static external conditions. Power spectra, Poincar6 sections and the fractal dimension of the attractor were determined as functions of the applied voltage for various magnetic-field strengths B. For B = 0 only limit cycles were observed. For B > 0 our results indicate successive Hopf bifurcations and a Ruelle-Takens-Newhouse transition to chaos and point to a crucial role of the magnetic field.
In high-purity semiconductors at low temperatures breakdown in the current-voltage characteristics occurs due t o impact ionization of shallow impurities yielding a rapid increase of the current at a critical voltage [l, 21 . There is a nonequilibrium transition from a weakly conducting to a strongly conducting steady state, whose critical behaviour was investigated experimentally in n-GaAs by methods of far-infra-red photoconductivity E31 and described in terms of nonlinear carrier generation-recombination kinetics [4] . Associated with the impurity breakdown, spontaneous oscillations and chaotic current fluctuations have recently been discovered in several semiconductors . Upon varying the bias voltage across the samples the onset of chaotic behaviour was found either just below the threshold of the instability [ 5 , 6 ] or in the post-breakdown regime [71. It was shown that a periodic driving current in the presence of impact ionization can give rise to chaotic fluctuations [lO] . The physical mechanisms underlying spontaneous chaotic fluctuations in the absence of a periodic driving, however, are not well understood. In n-GaAs AOKI et al. [5] have obtained evidence that weak optical interband excitations are responsible for chaotic current fluctuations in the pre-breakdown regime.
In view of the present uncertainty about physical origins, we have attempted to characterize the chaotic transition as far as possible from a detailed analysis of the time dependence of the chaotic signals using methods of nonlinear dynamics. We have investigated current fluctuations in high-purity n-GaAs epitaxial layers subject to a (*) Heisenberg fellow. magnetic field at liquid-helium temperature without any other external stimulations. The power spectra and the Poincare sections were derived as functions of the external voltage and the fractal dimension of the strange attractor was determined. Chaotic fluctuations were observed only for finite magnetic fields in the post-breakdown regime, whereas at zero magnetic field solely relaxation oscillations were found. In contrast to the case studied by AOKI et al. in the pre-breakdown regime, our observation is independent of optical interband excitations. With increasing voltage the fractal dimension rises stepwise from 0 to 1.1 and to 2.0 indicating successive Hopf bifurcations. The formation of a torus and the existence of two incommensurate frequencies are also reflected in the Poincare surface of section and the power spectrum. At the transition to chaos the fractal dimension rises to 2.7. We thus conclude that the mechanism of the transition follows the Ruelle-Takens-Newhouse scenario.
The measurements presented here were carried out on a high-purity n-GaAs epitaxial layer of 14.2 pm thickness grown by liquid-phase epitaxy on a Cr-compensated substrate. The carrier concentration and the electron mobility were n = 6.5. 1013 em-' and ,U = 1.4 lo5 vs. em-' at 77 K whii ?I corresponds to a donor concentration of N D = 2.7. 1014 emp3 at 70% compensation. Ohmic contacts were formed by alloying Au-Sn strips on the sample surface separated by 1.5 mm. The samples were immersed in liquid helium and shielded against visible and infra-red radiation. Using a superconducting solenoid a magnetic field B was applied perpendicular to the sample surface and parallel to the [loo] crystallographic direction. The sample was biased in series with a load resistor. Under these conditions the current-voltage characteristic showed a 5'-type behaviour at B = 0 and in the whole range of the applied magnetic-field strength. The breakdown voltage of the sample increased from 0.5 V at B = 0 T to 0.9 V at B = 1 T. Time series of the voltage across the sample were digitally recorded with sampling intervals At ranging from 25 to 500 ns. We have analysed the recorded signals to determine power spectra, phase portraits, Poincare sections and the fractal dimension of the current fluctuations as functions of the voltage across the sample and a load resistor. The bias voltage of the sample itself could not be taken as a control parameter because of the strong fluctuations in the chaotic regime. The power spectra were obtained using the segment averaging method. For each spectrum 20 segments obtained from 10 independent time series were averaged.
Without an external magnetic field regular oscillations are found, which set in just at the breakdown voltage. Their frequency increases with rising voltage and decreases with increasing magnitude of the load resistor as is expected for RC-relaxation oscillations. These oscillations remain coherent up to voltages well above breakdown. No other spectral features could be observed.
In the presence of an external magnetic field exceeding about O.lT, the spectral characteristics of the fluctuation change drastically. Again current oscillations occur at breakdown. With increasing voltage, however, additional characteristic frequencies appear and finally the fluctuations become totally aperiodic. The experimental results for the power spectra are summarized in fig. 1 for B = 0.83 T. The fundamental frequency of the oscillation is fl = 91 kHz just above breakdown occurring a t 3 V for the applied load resistor. In contrast to the case of B = 0, fi slightly decreases upon raising the voltage. Above about 5 V a lower-lying oscillation of frequency fi = 5 kHz appears, which is also observed in side bands of thefl fundamental and its harmonics ( fig. lb) ). On further increase of the voltage an independent third oscillation of frequency f3 = 41 kHz occurs, which, within a very small voltage interval, merges with broad band noise of aperiodic chaotic fluctuations due to a drastic increase of the noise background. We have verified that the third frequency in fig. le) cannot be expressed as f3 = nfl + mfi for Inl, lml< 5.
Above 6 V the noise background decreases again, the fl oscillation is still present, 0 O' however, the f3 oscillation dominates the spectra. The frequency fi continuously approaches f3 with rising voltage and finally both frequencies coincide. This behaviour indicates the entrainment of two oscillations, which is observed for the first time in a semiconductor. Above about 7 V the spectra exhibit the f3 fundamental and its overtones. As the appearance of two incommensurate frequencies in the power spectra above 5 V points to the existence of a torus attractor, we have tried to reconstruct this attractor from the measured signal. We span a phase space using as co-ordinates the measured signal I(t) and its delayed versions I(t + T ) , I(t + 27') with a suitable delay time T. In this way one can obtain phase portraits of an attractor embedded into R3. For more details of this method see e.g. ref. [ll] . Figure 2 shows Poincare sections of the reconstructed attractors for planes perpendicular to the first co-ordinate I(t). Between 3V and 4.6V the attractor appears as a simple limit cycle and is indicated by a point with some noisy broadening in the Poincare section ( fig. sa) ). Above 5 V we find a section of a torus, indicating motion on a torus attractor, which is obviously associated with the incommensurate frequencies fi and fi ( fig. 2b) ). For voltages above 5.75V the torus disappears, giving rise to a less ordered Poincare section of the attractor
The results presented so far suggest a Ruelle-Takens-Newhouse transition to chaos. We, therefore, have determined the fractal dimension of the attractors using the method developed by GRASSBERGER and PROCACCIA [12] . The correlation integral C"(r) was obtained according to ( fig. 2c) ).
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These results give strong evidence for a transition to chaos according to the RuelleTakens-Newhouse scenario [15] . In this scenario two successive Hopf bifurcations give rise to periodic motion and to a 2-torus. A 3-torus following a third Hopf bifurcation can become unstable against the formation of a strange attractor. This scenario seems to be realized here, as can be observed in the power spectrum near the onset of thef3-oscillation and also in the other figures.
In the periodic regime the spectral peaks are relatively broad, a fact which deserves some explanation. We attribute the broadening to the influence of external (e.g. thermal) noise. This is because in our experiments we have observed that, near the onset of periodic oscillations, the system is very sensitive to external fluctuations. With increasing voltage the stability of the oscillation is expected to increase and accordingly the spectral peaks become narrower again.
Having cleared up the mathematical mechanism for the transition to chaos in our case, we now come t o a discussion of the physical origins of the chaotic fluctuations. TEITSWORTH and WESTERVELT have demonstrated that a periodic driving current in the presence of impact ionization can give rise to chaotic fluctuations [lo] . AOKI et al. have observed that the perioddoubling route to chaos is cut short by the inclusion of a Joule heating effect due to thermal ionization [16] . While there exists a good deal of theoretical and experimental work for the periodically driven cases, attempts to explain the nature of chaotic fluctuations of semiconductors in the autonomous cases are still in a beginning stage. In n-GaAs, in particular, AOKI et al. have analysed current fluctuations arising under weak photoexcitation and pulsed voltage 15,131. We have studied n-GaAs in a different situation, where chaotic fluctuations arose in the absence of photoexcitation and pulsed voltage. Our results shed some light oh the physical mechanism in this autonomous situation. We have demonstrated that in n-GaAs it crucially involves the magnetic field; in the absence of a magnetic field spontaneous oscillations were found, but never showed a transition to chaos.
At present we only know of one mechanism that could possibly explain our observation. Recently SCHOLL has studied a model that leads to self-sustained chaotic current fluctuations in high-purity extrinsic semiconductors at low temperatures [17] . It is based on the coupling between multilevel impact ionization of shallow donors and dielectric relaxation. The presence of impact ionization of more than one impurity bound state appears to be essential for the occurrence of chaos in the autonomous case. If the model is simplified to a single impurity bound state, chaos only occurs under external periodic driving. In Scholl's analysis chaos is related to a longitudinal current instability, which sets in when the dielectric relaxation time exceeds the generation-recombination lifetime of free carriers. In other simulations the dielectric relaxation time even had to be large compared to the latterLl61. The assumptions and results of Scholl's model suggest a mechanism for the magnetic-field dependence of the transition to chaos. The excited shallow donor states lie very close to the conduction band edge with binding energies of 1.3meV or less. The magnetic field increases the separation of some of those states from the conduction band edge and supresses impurity conduction due to the shrinking of the wave function normal to the magnetic field. Thereby excited donor states become effective in impact ionization and trapping processes. In addition the magnetoresistance effect of the magnetic field raises the dielectric relaxation time due to the reduction of the conductivity. In this way the dielectric relaxation time may exceed the free-carrier lifetime as required in ref. [17] . The latter assumes relatively large values itself of the order of 1 ys or more in the vicinity of the instability El81. SCHOLL has reported a period-doubling transition to chaos, but has also observed a variety of other nonlinear and chaotic phenomena, depending upon the numerical parameters [17] . It is customary that nonlinear systems can exhibit several routes t o chaos. One may thus expect that, in further investigations of the model, also the Ruelle-TakensNewhouse scenario can be found, which we have reported here.
Other theoretical studies have shown that nonlinear coupling of current filaments favour
Hopf bifurcations [NI. Magnetic fields are also crucial for chaos in an electron-hole plasma in
Ge [19] . This explanation can be ruled out in our case, as holes were not injected by the contacts used here. Finally, it has recently been argued that the spontaneous current oscillations in p-Ge are due to moving space charge waves caused by a negative differential rate of the coefficient of impact ionization [20]. Further theoretical and experimental work is needed to decide whether this mechanism could play a role for n-GaAs in a magnetic field.
